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We report on full-wave techniques in the frequency (energy)-domain and the time-domain, aimed at the
investigation of the combined electromagnetic-coherent transport problem in carbon based nanostructured materials and devices viz. graphene nanoribbons. The frequency-domain approach is
introduced in order to describe a Poisson-Schrödinger / Dirac system in a quasi static framework. The
time-domain approach deals with the full-wave solution of the combined Maxwell-Schrödinger / Dirac
system of equations. From the above theoretical platforms, home-made solvers are provided, aimed at
dealing with challenging problems in realistic devices / systems environments, typical of the area of
radio-frequency nanoelectronics.
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Introduction : The theoretical, scientific and
technological relevance of carbon based materials
(carbon nanotubes, graphene) have been
highlighted in a variety of works, both
experimental and theoretical, [1 - 11]. They are
quoted to become competitive and compatible
with the established silicon technology for
applications to electronics. The analysis of charge
transport in carbon nanostructures can be carried
out by discrete models, such as tight binding
(TB), and continuous models, such as effective
mass and k∙p approximations, which stem from
the approximation of TB around particular points
of the dispersion curves [12 - 16]. These
techniques are enough accurate for the analysis of
CNT/graphene/GNR in a variety of problems such
as bending [17 - 18], lattice defects and
discontinuities [14], edge terminations [19 - 20].
However the latter methods requires high
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computational resources, and can hardly include
the effect of i) the self-generated electromagnetic
field, ii) impinging external em fields. Recently,
we have introduced full-wave techniques (Figure
1) both in the frequency (energy)-domain [25 30], and the time-domain [31 - 41] for the
investigation of new devices based on carbon
materials, namely carbon nanotube (CNT),
multiwall (MW) CNT, graphene, graphene
nanoribbon (GNR).
In both the approaches, the quantum transport is
described by the Schrödinger equation or its
Dirac-like counterpart, for small energies. The
electromagnetic field provides sources terms for
the quantum transport equations, that, in turns,
provide charges and currents for the
electromagnetic field.
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In the frequency-domain, a rigorous Poissoncoherent transport equation system is provided,
including electrostatic sources (bias potentials).
Interesting results involve new concept-devices,
such
as
GNR
nano-transistors
and
multipath/multilayer GNR circuits [25 - 30],
where charges are ballistically scattered among
different ports under external electrostatic control.
Further examples are given by the simulation of
cold-cathodes for field emission based on
graphene [27] and by the analysis of optical
emission/absorption by single or few layer GNR.
In the time-domain, we introduce a full-wave
approach, in which the Maxwell equations,
discretized by the transmission line matrix (TLM)
method are self-consistently coupled to the
Schrödinger/Dirac equations, discretized by a
proper finite-difference time-domain scheme [3141]. We show several examples of the
electromagnetics/transport dynamics in realistic
environments. It is highlighted that the selfgenerated electromagnetic field may affect the
dynamics (group velocity, kinetic energy etc.) of
the quantum transport. This is particularly
important in the analysis of time transients and in
the describing the behavior of high energy carrier
bands, as well as the onset of non-linear
phenomena
due
to
external
impinging
electromagnetic fields. We are now working on
novel applications, in particular THz carbonbased emitters and detectors, photoconductive
effects, nano-antennas and nano-interconnects.
These topics are paving the way for a new
generation of integrated and multifunctional
devices/systems in a interdisciplinary area
crossing nanoscience and radio-frequency
applications [42, 43].
In this contribution, we highlight the basic
concepts of the aforementioned full-wave
frequency-/time-domain techniques and report
some new examples of their applications in
modeling GNR-based device and circuits.
Theory. Frequency-domain: the combined
Poisson-coherent transport problem :
The frequency-domain approach is aimed to solve
a i) Poisson/Schrödinger (carbon nanotubes)
systems and/or ii) Poisson/Dirac (graphene,
168

graphene nanoribbons) system in a quasi static
framework.
The theoretical platform develops as follows [2530] :
i) CNT GNR are seen as a periodic structures
waveguide, isomorphic to photonic crystal slabs.
ii) A unit cell is chosen, the carbon atoms are
identified with potential distribution, the energy
bonds among atoms, including edge atoms (in
GNRs) are properly described; the Hamiltonian
matrix is constructed. The periodic Floquet
condition of the unit cell is imposed.
iii) Devices polarization, bias and any other
potential (electric field) distribution is included in
the Poisson equation.
iv) A coupled system involving
PoissonSchrödinger/Dirac equations is constructed. The
Poisson equation is solved by using a proper
Finite-Difference in Frequency-Domain (FDFD)
technique.
v) The quantum equation, be it Schrödinger or
Dirac provide updated value for the wavefunction,
that is, after an integration over the energy-band,
the charge distribution. This charge distribution is
the source for the Poisson equation. The Poisson
equation, in turns, provide a new potential
(electric field) distribution, that is the updated
source
into
the
Hamiltonian
of
the
Schrödinger/Dirac equation. The iteration and
exchange of sources is carried out unless
numerical convergence, up to the machine limit,
is achieved. The convergence procedure is very
stable and effectiveness.
The concept of the method is depicted in Figure
(1). Figure (1a) shows the combined method for
CNT (Schrödinger) based devices; Figure (3b)
refers to graphene based devices. Details of the
Hamiltonian definition are reported.
In [25],
[25] we present a generalization of the selfconsistent analysis of carbon nanotube (CNT)
ﬁeld effect transistors (FETs) to the case of multiwall/multi-band coherent carrier transport. The
contribution to charge diffusion, due to different
walls and sub-bands of a multi-wall (mw) CNT is
analyzed. In [26], we model electrostatically
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doped carbon nanotubes, proved to perform as
ideal PN diodes, also showing photovoltaic
properties. We predict the optical absorption of
semiconducting CNT as function of size and
chirality.
In [27 - 30], we introduce a multimode
transmission matrix (MTM) technique, allowing
easy simulation of very large structures, despite
the possibly high number of electronic channels
involved. This multimode transmission matrix
technique, is physically equivalent to the Green’s
function approach, usually referred to as nonequilibrium Green’s function (NEGF) method. In
our method, we make use, however, of an explicit
scattering matrix formalism, showing that
fundamental physical constraints and consistence
relations in quantum transport, such as reciprocity
and charge conservation, correspond respectively
to reciprocity and power conservation in field
theory of wave guides.

The core of our MTM technique is the following:
each GNR port, seen as the termination of a semiinfinite GNR waveguide, is described by means of
a basis of electronic eigenfunctions. A full selfconsistent analysis of the transport equation and of
the electrostatic potential generated by the GNR
charge density can be developed. The net charge
density in the GNR can be obtained by considering
the contribution of all occupied states, i.e. from the
bottom energies up to the Fermi level, that can also
comprise bound electronic states. The basic
formulation of the Hamiltonian for a 2D carbon
lattice reads:
H = tij + eϕiδ ij

(1)

where tij is the nearest neighbour hopping energy
~-3eV and φ is the self-consistent electrostatic
potential described by the Poisson’s equation, and
e is the unit charge.
In order to characterize a GNR, periodic along the
z-direction, we neglect the self consistent potential
for the moment, and rearrange (1) by selecting
three consecutive unit cells
H lψ l + H 0ψ + H rψ r = Eψ

(2)

where Ψl, Ψr, Ψ, are the wavefunctions of three
consecutive unit cells, the matrix Hl (Hr) denotes
the hopping elements of the Hamiltonian from a
unit cell to the previous one from the left (right),
and E is the injection energy. The relations
Hl=Hr+=HrT and H0=Hr+=HrT hold. By exploiting
periodicity, equation (2) becomes

(a)

(e

(b)

Figure (1a). Concept of the full-wave technique, when
dealing with CNT-enabled devices: the quantum
transport is described by Dirac/Schrödinger equation.
Figure (1b): the same concept in the case of graphenebased devices. Details of the calculation of the
Hamiltonian of the unit cell.

169

ikL

)

H l + H 0 + e−ikL H r ψ = Eψ

(3)

where k is the carrier wavefunction and L is the
length of the unit cell. We then apply [25-30] the
fundamental physical constraints and consistence
relations in quantum transport, such as reciprocity
and charge conservation, that correspond
respectively to reciprocity and power conservation
in a the electromagnetic field theory. We
emphasize that the proposed approach allows
handling multiport graphene systems, where
carriers can get into (and out of) many different
physical ports, each characterized by its own
chirality and possibly by a large number of virtual
ports, i.e. electronic channels or sub-bands.
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Interesting results involve new concept-devices,
such
as
GNR
nano-transistors
and
multipath/multilayer GNR circuits, where charges
are ballistically scattered among different ports
under external electrostatic control. The
implementation of the above technique is provided
by an home-made solver, written in Matlab code.

are two of the three Pauli matrices, i=-j is the
imaginary unit, vF is the Fermi velocity, r=(rx,ry)
is the in-plane position vector, kx(r,t) and ky(r,t)
are the components of the kinematic momentum
k(r,t).

Theory. Time-domain: the combined Maxwellcoherent transport :

being p the linear momentum, A and ϕ are vector
and scalar potentials, directly related to the
electromagnetic (EM) field through the
appropriate gauge, e.g., the “Lorentz” gauge; q is
the electron charge; Vp is the static potential
profile.

In the time-domain, a full-wave approach has
been introduced: the Maxwell equations,
discretized by the transmission line matrix (TLM)
method are self-consistently coupled to the
Schrödinger/Dirac equations, discretized by a
proper finite-difference time-domain or a TLM
scheme, [31-36]. The goal is to develop a method
that accounts for deterministic electromagnetic
ﬁeld dynamics together with the quantum
coherent transport in the nanoscale environment.
Several
examples
of
the
electromagnetics/transport dynamics are shown in
[31 - 36]. It is highlighted that the self-generated
electromagnetic field may affect the dynamics
(group velocity, kinetic energy etc.) of the
quantum transport. This is particularly important
in the analysis of time transients and in the
describing the behavior of high energy carrier
bands, as well as the onset of non-linear
phenomena
due
to
external
impinging
electromagnetic fields.
The quantum mechanical behavior of charge
carriers in a 2D graphene, in the presence of an
electromagnetic field, (self-induced, and/or
impressed) is described by the Dirac-like equation
for graphene :
 ∂ ie

H (r , t ) ψ (r , t ) = i h  + ϕ (r , t )  ψ (r , t )
 ∂t h


(4)

0
σxkx (r,t) +σyky (r,t)

H(r,t) = vF 
 + Vp (r) (5)
0
(
r
,
)
(
r
,
)
−
k
t
+
k
t
σ
σ
x
x
y
y



In equation (6) :
0 1

 0 −i 

0

kˆ = pˆ − qA( r, t )

(7)

It has to be noted (7), that the kinematic
momentum, k includes the EM field contribution,
coming from the Maxwell equations. The solution
of the Dirac/graphene equation (4) is the four
component spinor complex wavefunction ψ(r,t) :
ψ (r, t ) = [ ψ 0

ψ1

ψ2

ψ3 ]

T

(8)

The basic requirement for the solutions is the
following normalization condition, stating that the
probability of the particle being somewhere is
one, and also corresponding to the charge
conservation.
∀t ≥ 0

∫

+∞

−∞

+∞

ψ ( r, t ) dr =1 ⇔ q∫ ψ ( r, t ) dr = QT (9)
−∞
2

2

From the wave solution ψ(r,t), it is
straightforward to derive the correspondent QM
current, that is :
0 
σ
J x (r , t ) = qvF ψ + (r, t )  x
 ψ (r, t )
 0 −σ x 
σ y 0 
J y (r, t ) = qvF ψ + (r , t ) 
 ψ (r, t )
 0 σy 

(10)

The computational scheme develops as follows
[31 - 33]: i) The EM field is discretized by the
Transmission Line Matrix method using the
Symmetrical Condensed Node (SCN) approach.
ii) Quantum phenomena are introduced in a
subregion of the 3D-domain, e.g. a 1D-2D
dimensional CNT region, described by the
Schrödinger
equation,
and/or
a
2D
graphene/nanoribbon region, described by the
Dirac equation. iii) At each time step, the
Schrödinger/Dirac equation is solved by

Where the Dirac Hamiltonian is defined as:

σx = 
, σ y = 
1 0
i

pˆ = −ih∇

(6)

170

© Applied Science Innovations Pvt. Ltd., India

Carbon – Sci. Tech. 4/1 (2012) 167 - 176

accounting for the quantum device boundary
conditions, initial conditions (e.g. injected
charge); and additional source terms constituted
by the EM field, sampled in the domain of the
quantum device(s). iv) From the wavefunction
(charge) solution of the Schrödinger/Dirac
equation, we derive the quantum mechanical
(QM) current over the device domain. This
current is a distribution of local sources for the
EM field, that is injected into the TLM nodes, just
located
on
the grid
points of the
Schrödinger/Dirac equation domain. v) At the
next time step t+1, the TLM method provide a
new updated distribution of field values that are,
again, sampled over the device domain, and so on,
iteratively. In Figure (2), the scheme of the
method is depicted. It has to be highlighted the
reason for choosing TLM for the discretization of
Maxwell equations. Space-discretizing methods,
like ﬁnite-difference time-domain (FDTD) and
transmission line matrix (TLM) [40, 41], are wellknown techniques that allow the EM full-wave
modeling of 3-D structures with nearly arbitrary
geometry for a wide range of applications from
EM compatibility to optics. FDTD is a more
general technique, suited for discretizing different
kind of equations, e.g. parabolic, hyperbolic etc.
Respect to FDTD, TLM is directly related to the
discretization of, mainly, hyperbolic equations
(Maxell, Dirac), but it has the advantages that
each portion of the segmented space has an
equivalent local electric circuit [40, 41],
Moreover, TLM can easy incorporates external
sources, as equivalent voltage/current local
generators.
In TLM, that is considered as the implementation
of the Huygens principle, propagation and the
scattering of the wave amplitudes are expressed
by operator equations [36].
The implementation of the above technique is
provided by an home-made solver, written in
Fortran code.
In [34, 35], we explored the correlation between
Dirac and Maxwell equations, in the time domain;
transmission-line equations, valid for both EM
and quantum current are derived. This is a step
forward toward an effective integration of the
Dirac theory in the numerical simulation of EM
field problems.
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Figure (2) : Concept of the full-wave time-domain
technique. The electromagnetic field provide
sources for the quantum device, that, in turns,
provide (quantum-mechanical) current sources for
the electromagnetic field.
In [36], we presented, for the first time, a TLM
condensed node scheme for solving the Dirac
equation in 2D graphene. This scheme satisfies
the standard charge conservation requirement and
allows adopting boundary conditions for graphene
circuits. The correlation between the graphene
equations and its self-consistent symmetrical
condensed node -transmission line matrix
formulation is highlighted. This concept, in turn,
is related to the generalized Huygens principle for
the Dirac equations. In [37], we analyze the idea
of realizing an harmonic radio-frequency
identification (RFID), based on “tag on paper”
with embedded graphene as frequency multiplier.
In [38 - 39] we introduce a first model for the
metal-carbon contact. The metal-carbon transition
is one of the most challenging and not completely
understood problems that limits, as a matter of
fact, production and reproducibility of
nanodevices, just given by difficulty of
engineering the contact resistance between metal
and nanostructures
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correspondent longitudinal (Jz) and transversal
(Jx) current components are reported in Figure
(4b). We then consider the presence of a potential
barrier of 0.45 eV with respect to bounding
materials (e.g. interface to a different material,
bad metal contacts, etc.). In Figure (5), we plot the
spatial, longitudinal distributions of the charge
wavepacket in three different time-steps, t=2, 4, 8
fs, respectively.
2

Propagation of |ψ|2
t=0
t=20 fs

Figure (3): S-parameters in the presence of a
vacancy or e.g. a spurious atom.
t=50 fs

Examples :
Frequency Domain. By using the present SMT
approach, it would be possible to investigate
problems that are of remarkable importance in the
technologic progress of nano-electronics. These
are, for example, the metal-carbon contact
behavior and the scattering due to atomic
vacancies/defect/impurities in zigzag and/or
arrmchair GNRs. It is well known that the above
problems provide a drop of the carrier mobility in
graphene, thus limiting the device performance
(e.g. field effect transistor cut-off frequency).
In Figure (3), we calculate the S-parameters of a
GNR with periodic vacancy, or in the presence of
spurious atoms distribution. This situation is, for
example, typical of graphene layer epitaxial
grown from aSiC substrate. The correspondent
transmittivity/reflectivity curves are reported in
terms of the spurious atom radius. As expected,
by increasing the atom radius-r, we have less
transmittivity (and more reflectivity).
Time-domain: We analyze the space-time
evolution of a Gaussian charge wavepacket |ψ|2,
with a broad energy band (up to 1 eV),
propagating on a “metallic” GNR (150x10 nm), as
shown in Figure (4). We consider the GNR in a
realistic FET environment, with two metallic
source-drain electrode contacts. In order to model
the injection-absorption of charge, we apply
absorbing boundary conditions as in [32]. In
Figure (4a), we show the charge wavepacket
evolution, after t=10, t=50, t=100 fs. The
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10 nm

150 nm
t=100 fs

(4a)

(4b)

Figure (4). Space-time-evolution of the charge
wavepacket (4a). Longitudinal (Jz)
and transversal (Jx) currents (4b).

The core point is that in one case (Figure 6a), we
solve only the Dirac equation and do not consider
the self-induced EM field, whereas in the other
case (Figure 6b), we consider the coupled DiracMaxwell system. We observe that, depending on
the initial energy of the charge wavepacket, the
self-induced electromagnetic field affects the
propagation characteristics. This is evident by
following the dynamics of the (squared)
wavefunction with and without the “self
generated” electromagnetic field. For example,
the distribution of the peaks (points of maxima) is
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different in the former and in the latter cases.
Physically, the kinematic momentum, k, provides
the EM field contribution to the kinetic energy (7)
of the Dirac equation. The quantum-mechanical
current, in turns, provides current sources for the
electromagnetic field.

Figure (7) : Comparison of the S-parameters
experimental results of ref. [44] to the theoretical
results obtained by applying the present time-domain
technique.
Figure (5) : Propagation of a charge wavepacket in the
presence of a static potential barrier, with E=0.45 eV.

This effect would be result is this phenomenon
would be even more evident and enhanced in the
presence of an additional external impinging EM
field. Finally, in order to have a comparison to
experimental results, we model the coplanar
waveguide on a graphene substrate reported in
[44]. In [44], it is emphasized that graphene can
act as a natural matching device because. In
Figure (7), we report the comparison of Sparameter measures to the theoretical ones
derived by our full-wave technique, in the case of
Vbias=-2420 mV. We observe a very nice
agreement.

(6a)

Conclusions : We reported on multiphysics fullwave techniques in the frequency (energy)domain and the time-domain, aimed at the
investigation of the combined electromagneticcoherent transport problem in graphene
nanoribbons.
In the frequency-domain, we describe a PoissonSchrödinger/Dirac equations system in a quasi
static framework. Several results have been
presented, regarding GNR based structures, e.g.,
multibranch/multilayer
circuits,
lattice
defects/vacancies, etc.

(6b)

Figure (6) : Longitudinal distribution of a charge
wavepacket at t=0, t=2, t=4 fs, without (6a) and with
(6b) the self-generated EM field.

In the time-domain we deal with the solution of
the combined Maxwell-Schrödinger / Dirac
equations system. We analyze the charge
wavepacket propagation and show the effect of
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the self-consistent EM field that affect the
quantum transport characteristics. We model a
coplanar waveguide on a graphene substrate
reported in the literature, and compare our
theoretical S-parameters to experimental ones,
resulting in a very good agreement. On the basis
of the above theoretical platform, home-made
softwares have been implemented, aimed at the
investigation of realistic problems in the area of
radio-frequency nanoelectronics.
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